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Abstract
Let M be a compact manifold of dimension at least 2. If M admits a minimal homeomor-
phism then M admits a minimal noninvertible map.
1 Introduction
Fathi and Herman [5] showed that every compact connected manifold which admits a smooth,
locally free effective action of the circle group has a smooth diffeomorphism, isotopic to the identity,
which is minimal, and so all odd dimensional spheres admit a minimal diffeomorphism (see also
[6]). Every manifold that admits a minimal flow admits also a minimal homeomorphism. The
converse does not hold even in dimension 2, as manifested on the Klein bottle [9]. Less is known
about the existence of minimal noninvertible maps. The circle does not admit such maps, despite
admitting minimal rotations [1]. Both the 2-torus and Klein bottle admit minimal noninvertible
maps [7], [11], but in dimension at least 3 it has not been known which manifolds admit minimal
noninvertible maps. By application of a result of Béguin, Crovisier and Le Roux [3], here we show
in Theorem 3.1 that any compact manifold of dimension at least 2 admits a minimal noninvertible
map if it admits a minimal homeomorphism.
2 Preliminaries
A self map f : X → X of a compact metric space is said to be minimal if for ever point x ∈ X the
forward orbit {fn(x) : n ∈ N} is dense in X .
2.1 A Denjoy-type result
The following result was obtained in [3], p.304, as a corollary of a far-reaching generalization of
the Denjoy-Rees technique. It will be crucial to the proof of Theorem 3.1.
Theorem 2.1. (Béguin,Crovisier&Le Roux) Let R be a homeomorphism on a compact manifold
M , and x a point of M which is not periodic under R. Consider a compact subset D of M which
can be written as the intersection of a strictly decreasing sequence {Dn : n ∈ N} of tamely embedded
topological closed balls. Then there exist a homeomorphism f : M → M and a continuous onto
map φ :M →M such that φ ◦ f = R ◦ φ, and such that
• φ−1(x) = D;
• φ−1(y) is a single point if y does not belong to the R-orbit of x.
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2.2 Decomposition of Manifolds
The theorem of this section derives from a result of Bing [2] for upper semicontinous decompositions
of E3 into points and a countable family of flat arcs. As stated by Daverman, it was a part of
folklore that Bing’s proof generalizes to En for all dimensions n greater then 2 (see e.g. [4] Chapter
II, Theorem 2 of Section 5, p.23), and the extension to manifolds is stated as Exercise 1 of Section
8, p.61. For surfaces a more general result was inspired by Moore’s Decomposition Theorem [8]
for the sphere and proved in general in [10] (see Theorem 1). A modern treatment of this result
also appears in [4], (see Chapter IV, Theorem 1 of Section 25, p.187).
For completeness a proof is provided of the exercise by a method which applies to more general
situations.
It will be useful to recall some definitions which can be found in [4]. An arc A in a manifold
M is called essentially flat (p. 61) if there exist a neighborhood U of A and a homeomorphism ψ
of U onto En such that ψ(A) is flat. A surjective map f : X → Y is a near-homeomorphism, if for
any open cover V of the Y there is a homeomorphism h : X → Y such that for every x in X there
is V in V which contains f(x) and h(x) (p. 27). If G is an upper semicontinuous of a space X ,
a realization of G is a closed map f : X → Y such that G is precisely the set of all point-inverses
f−1(y) (y ∈ Y ) (see Chapter 1, Theorem 5, p. 11); in this case X/G is homeomorphic to Y . A set
P is called G-saturated if P is the union of elements of G.
Theorem 2.2. [4] Suppose G is a upper semicontinuous decomposition of a manifold M into points
and a countable family of essentially flat arcs. Then M/G is homeomorphic to M .
Proof. The following consequences of the generalization of Bing’s theorem [2] will be used repeat-
edly in the proof. The first two assertions follow immediately from [4]; the third assertion follows
from the second, the last from the first.
Preamble. Suppose G is a upper semicontinuous decomposition of a manifold M into points
and a countable family of essentially flat arcs for which there is a compact subset A of M which
has a neighborhood homeomorphic to En and which contains all the nondegenerate elements of G.
Then
1. there is a map f : M →M which realizes G;
2. for any neighborhood V of A and any ε > 0 there is a homeomorphism h : M →M such that
for all points p in V the distance between f(p) and h(p) is less than ε and h(p) = p for all
points p of M not in V ;
3. if B is a compact subset of M which has a neighborhood homeomorphic to En, the same is
true of f(B);
4. If J is an essentially flat arc which contains no point of any nondegenerate element of G, then
f(J) is also an essentially flat arc.
With the preamble concluded the proof of the theorem begins with choices of locally finite
covers {Vi}1≤i<ω and {Ai}1≤i<ω of M having the following properties for every index i
1. Ai is compact and G-saturated.
2. Ai has a neighborhood homeomorphic to E
n.
3. Vi has compact closure and is G-saturated.
4. there is a finite subset H of indices such that Vi contains a point of Vj only if j ∈ H .
Let G1 be the upper semicontinuous decomposition of M whose elements are those members
g ∈ G for which g ⊂ A1 and the singletons of points in M which are not in A1. It follows from the
Preamble that there is a near homeomorphism f1 : M →M which satisfies its conclusions (affixing
the subscript 1).
For an induction suppose near homeomorphisms fi : M →M have been obtained for 1 ≤ i < r
for some r with 1 ≤ r < ω. Let Gr be the decomposition whose nondegenerate elements are
members of G of the form fr−1 · · · f1(g) with g ⊂ Ar. The set fr−1 · · · f1Ar has a neighborhood
homeomorphic to En, and the nondegenerate elements of Gr are a countably family of essentially
flat arcs. Hence there is a near homeomorphism fr realizing Gr which satisfies the conclusions of
the Preamble (affixing the subscript r).
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Inductively, a sequence of maps f1, f2, . . . results such that the composition fr · · · f1 is a near
homeomorphism which realizes the decomposition consisting of those members of G which lie in
A1 ∪ · · · ∪ Ar and the singletons of all points of M which do not belong to A1 ∪ · · · ∪ Ar.
For each i there is s such that fr · · · f1(p) = fs · · · f1(p) for all p in Vi and all r > s. It follows
that the map f : M → M defined by f(p) = limr<ω fr · · · f1(p) is a map which realizes G, and
consequently M is homeomorphic to M/G.
3 Main Result
Theorem 3.1. Let M be a compact manifold of dimension at least 2. If M admits a minimal
homeomorphism then M admits a minimal noninvertible map.
Proof. Let h :M →M be a minimal homeomorphism, and A0 be an essentially flat arc in M . By
Theorem 2.1 there exist a homeomorphism f : M → M and a continuous onto map φ : M → M
such that φ ◦ f = h ◦ φ, and such that φ−1(x) = A0, and φ
−1(y) is a single point if y does not
belong to the h-orbit of x. In particular, φ−1(hn(x)) = An is an essentially flat arc for every n ∈ Z.
Note that f is minimal, as each An is nowhere dense; i.e. f is an almost one-to-one extension of
a minimal homeomorphism. Let G be the decomposition of M into arcs {An : n > 0} and points
that are not in
⋃∞
n=1An. Then by Proposition 2.2 the quotient space M/G is homeomorphic to
M , and f induces a map fˆ such that τ ◦ fˆ = f ◦ τ , where τ : M → M/G is the decomposition
map. Note that fˆ is minimal, as a factor of a minimal map, and fˆ is noninvertible at τ(A0); i.e.
fˆ(τ(A0)) is a point; cf. [7]. This completes the proof.
Theorem 3.1 combined with the result of Fathi and Herman gives the following corollary, which
can be considered as a counterexample to a ”noninvertible Gottschalk Conjecture".
Corollary 3.2. All odd dimensional spheres admit a minimal noninvertible map.
4 Acknowledgements
The first author is grateful to Krystyna Kuperberg for valuable comments. This work was sup-
ported by National Science Centre, Poland (NCN), grant no. 2015/19/D/ST1/01184.
References
[1] Auslander, J., Katznelson, Y. Continuous maps of the circle without periodic points.
Israel J. Math. 32 (1979), 375–381.
[2] Bing, R. H. Upper semicontinuous decompositions of E3. Ann. of Math. 65 (1957), 363–
374.
[3] Béguin, F.; Crovisier, S.; Le Roux, F. Construction of curious minimal uniquely ergodic
homeomorphisms on manifolds: the Denjoy-Rees technique. Ann. Sci. École Norm. Sup.,
40 (2007), 251–308.
[4] Daverman, R. J. Decompositions of manifolds. Pure and Applied Mathematics, 124. Aca-
demic Press, Inc., Orlando, FL, 1986. xii+317
[5] Fathi, A.; Herman, M. R. Existence de difféomorphismes minimaux Dynamical systems,
Vol. I—Warsaw, pp. 37–59. Astérisque, No. 49, Soc. Math. France, Paris, 1977.
[6] Katok, A.B. Minimal diffeomorphisms on principal 1-bundles Abstracts of sixth All-Union
Topological Conference, Metsniereba Tbilisi, 1972, p.63.
[7] Kolyada, S., Snoha, L’., Trofimchuk, S. Noninvertible minimal maps. Fund. Math.
168 (2001), 141–163.
[8] Moore, R. L. Concerning upper semicontinuous collections of continua. Trans. Amer.
Math. Soc. 27 (1925), 416–428.
3
[9] Parry, W. A note on cocycles in ergodic theory. Compositio Math. 28 (1974), 343–350.
[10] Roberts, J. H., Steenrod, N. E. Monotone decompositions of two-dimensional manifolds.
Ann. of Math. 39 No. 4 (1938), 363–374.
[11] Sotola, J., Trofimchuk, S Construction of minimal non-invertible skew-product maps on
2-manifolds. Proc. Amer. Math. Soc. 144 (2016), 723–732
4
